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Abstract: We prove explicitly that the general D = 3, N = 4 Chern-Simons-matter
(CSM) theory has a complete OSp(4|4) superconformal symmetry, and construct the cor-
responding conserved currents. We re-derive the OSp(5|4) superconformal currents in the
general N = 5 theory as special cases of the OSp(4|4) currents by enhancing the super-
symmetry from N = 4 to N = 5. The closure of the full OSp(4|4) superconformal algebra
is verified explicitly.
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1 Introduction and Summary
The D = 3, N = 4 Chern-Simons-matter (CSM) theory was first constructed by Gaiotto
and Witten (GW) [1], by choosing the gauge groups carefully so that the N = 1 super-
symmetry can be promoted to N = 4. By adding twisted hyper-multiplets into the GW
theory, the authors of Ref. [2] have been able to construct an N = 4 Chern-Simons quiver
gauge theory.
The N = 4 Chern-Simons quiver gauge theories are natural candidates of the dual
gauge theories of multi M2-branes. For instance, the authors of [2] constructed a class of
N = 4 theories with the closed loop quiver diagram of gauge groups (see also [3]):
· · · − U(Ni−1)− U(Ni)− U(Ni+1)− · · · . (1.1)
(The above quiver diagram is only a part of the full diagram.) This special class of theories
have been conjectured to be the dual gauge theories of multi M2-branes in the orbifold
(C2/Zp × C
2/Zq)/Zk [4]. Here p and q are the numbers of the un-twisted and twisted
multiplets, respectively; k is the Chern-Simons level. The corresponding gravity duals
were studied in Ref. [4].
By the gauge/gravity duality, the general N = 4 theory is expected to have a full
OSp(4|4) superconformal symmetry. That is, the theory possesses an N = 4 super Poincare
– 1 –
symmetry as well as an N = 4 superconformal symmetry1. However, to our knowledge,
only the law of the N = 4 super Poincare transformations has been derived in the literature
[2]. (For a 3-algebra approach, see [5].) To fill this gap, in this paper we derive the law of
the N = 4 superconformal transformations and verify the action is invariant under these
transformations. We also derive the conserved supercurrents associated with the N = 4
super Poincare transformations and the N = 4 superconformal transformations. In other
words, we prove that the N = 4 theory possesses a complete OSp(4|4) superconformal
symmetry, and derive the full OSp(4|4) superconformal currents.
We also demonstrate that the law of OSp(5|4) superconformal transformations and
the OSp(5|4) superconformal currents [6] in the N = 5 CSM theory, can be obtained as
special cases of the law of the OSp(4|4) superconformal transformations and the OSp(4|4)
currents of the N = 4 theory, by enhancing the SU(2) × SU(2) R-symmetry to USp(4).
In our previous work [6], we have showed that the OSp(6|4) and OSp(8|4) superconformal
transformations and currents [7, 8], associated with the N = 6, 8 theories, respectively,
can be derived as the special cases of the OSp(5|4) superconformal transformations and
currents2. Hence our approach provides a unified framework for all N ≥ 4 CMS theories.
To our best knowledge, so far only the closure of the N = 4 super Poincare algebra
of the N = 4 theory has been checked (in the framework of 3-algebra) in the literature
[5]. Therefore, it is necessary to verify the closure of the full OSp(4|4) superconformal
superalgebra. This is completed in the framework of Lie 2-algebra in Section 4.
The paper is organized as follows. In section 2, we derive the law of N = 4 supercon-
formal transformations and the corresponding conserved currents. In Section 3 we show
that the OSp(5|4) superconformal currents can be obtained as special cases of the OSp(4|4)
currents. In Section 4, we check the closure of the full OSp(4|4) superalgebra. Our con-
ventions and useful identities are summarized in Appendix A. In Appendix B, we review
the general N = 4 theory. In Appendix C, we present the details of the derivation of the
N = 4 super Poincare currents.
2 OSp(4|4) Superconformal Currents
In this section we will construct the N = 4 superconformal currents, and show that the
N = 4 theory has a full OSp(4|4) superconformal symmetry. (The N = 4 theory is
reviewed in Appendix B, and our conventions are summarized in Appendix A.)
The N = 4 super Poincare currents are derived in Appendix C. They are given by
jIµ = −iψ¯
A
a′γµ(δψ)
Ia′
A − iψ¯
A˙
a γµ(δψ)
Ia
A˙
, (2.1)
1In this paper, the super Poincare transformations will be denoted as δǫ, satisfying [δǫ1 , δǫ2 ] ∼ Pµ, with
Pµ the translations. The superconformal transformations will be denoted as δη, satisfying [δη1 , δη2 ] ∼ Kµ,
with Kµ the special conformal transformations. The full super transformations (containing both δǫ and δη)
will be called the OSp(4|4) superconformal transformations.
2For a 3-algebra unifying N = 5, 6, 8 theories, see [9–11].
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where
(δψ)Ia
′
A = −γ
µDµZ
a′
B˙
σIA
B˙ −
1
3
kmnτ
ma′
b′Z
b′
B˙
µ′nB˙C˙σ
I
A
C˙ + kmnτ
ma′
b′Z
b′
A˙
µnBAσ
I
B
A˙ (2.2)
(δψ)Ia
A˙
= −γµDµZ
a
Bσ
I†
A˙
B −
1
3
kmnτ
ma
bZ
b
Bµ
nB
Cσ
I†
A˙
C + kmnτ
ma
bZ
b
Aµ
′nB˙
A˙σ
I†
B˙
A (2.3)
are defined via the super Poincare transformations of the fermionic fields δǫψ
a′
A = (δψ)
Ia′
A ǫ
I
and δǫψ
a
A˙
= (δψ)Ia
A˙
ǫI (see (B.4)). Here A = 1, 2, A˙ = 1, 2, and I = 1, . . . , 4 transform in
the undotted, dotted, and vector representations of the SU(2)×SU(2) R-symmetry group,
respectively; and a = 1, . . . , 2R and a′ = 1, . . . , 2S transform in two different quaternionic
representations of the gauge group. The scalar fields are denoted as Z. The sigma matrices
σIA
B˙ are defined in Appendix A.2.1.
Without changing the physical content, one can add a conserved total derivative term
into the currents:
j˜Iµ = j
I
µ + ∂
νAIµν , (2.4)
with AIµν = −A
I
νµ, since the improved currents are still conserved, i.e. ∂
µj˜Iµ = 0, and the
set of super-charges remain the same:
QI = −
∫
d2xj˜I0 = −
∫
d2xjI0 . (2.5)
The γ-trace γµj˜Iµ measures the violation of scale invariance of the theory [12]. Since
the N = 4 theory is invariant under scale transfromations, we expect that γµj˜Iµ vanishes
by choosing an appropriate AIµν . To see this, let us first calculate γ
µjIµ:
γµjIµ = −i∂
ν [(Za
′
A˙
γνψ¯
A
a′ + Z¯
A
a γνψ
a
A˙
)σIA
A˙]. (2.6)
This is equivalent to
γµ[jIµ +
i
4
[γµ, γν ]∂
ν(Za
′
A˙
ψ¯Aa′ + Z¯
A
a ψ
a
A˙
)σIA
A˙] = 0. (2.7)
This equation immediately suggests us to define
j˜Iµ = j
I
µ +
i
4
[γµ, γν ]∂
ν(Za
′
A˙
ψ¯Aa′ + Z¯
A
a ψ
a
A˙
)σIA
A˙. (2.8)
As a result, the improved currents j˜Iµ satisfy γ
µj˜Iµ = 0. In other words, Eq. (2.7) suggests
us to set AIµν in (2.4) as follows
AIµν =
i
4
[γµ, γν ](Z
a′
A˙
ψ¯Aa′ + Z¯
A
a ψ
a
A˙
)σIA
A˙. (2.9)
Notice that AIµν is indeed antisymmetric in µ and ν.
Now it is possible to construct the new currents
s˜Iµ = x · γj˜
I
µ. (2.10)
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Using γµj˜Iµ = 0 and ∂
µj˜Iµ = 0, it is easy to prove that the new currents are also conserved:
∂µs˜Iµ = 0. The corresponding conserved supercharges are defined as follows:
SI = −
∫
d2xs˜I0. (2.11)
If we impose the equal-time commutators
{ψ¯A˙a (t, ~x
′), ψb
B˙
(t, ~x)} = −δA˙
B˙
δbaγ
0δ2(x− x′),
{ψ¯Aa′(t, ~x
′), ψb
′
B(t, ~x)} = −δ
A
Bδ
b′
a′γ
0δ2(x− x′),
[ΠAa (t, ~x
′), ZbB(t, ~x)] = −iδ
A
Bδ
b
aδ
2(x− x′),
[ΠA˙a′(t, ~x
′), Zb
′
B˙
(t, ~x)] = −iδA˙
B˙
δb
′
a′δ
2(x− x′),
[Πµm(t, ~x
′), Anν (t, ~x)] = −iδ
n
mδ
µ
ν δ
2(x− x′), (2.12)
where ΠAa (t, ~x
′) = D0Z¯
A
a (t, ~x
′), ΠA˙a′(t, ~x
′) = D0Z¯
A˙
a′(t, ~x
′), and Πµm(t, ~x′) = ǫλ0µkmpA
p
λ(t, ~x
′),
then the superconformal variantion of an arbitrary field Φ can be defined as
δηΦ = [−iη
ISI ,Φ], (2.13)
Using the above equation and the commutation relations (2.12), one can readily derive the
law of N = 4 superconformal transformations (we will prove that [δη1 , δη2 ] ∼ Kµ in Section
4):
δηZ
a
A = i(x · γηA
A˙)ψa
A˙
,
δηZ
a′
A˙
= i(x · γη†
A˙
A)ψa
′
A ,
δηψ
a′
A = −γ
µDµZ
a′
B˙
(x · γηA
B˙)−
1
3
kmnτ
ma′
b′Z
b′
B˙
µ′nB˙C˙(x · γηA
C˙)
+kmnτ
ma′
b′Z
b′
A˙
µnBA(x · γηB
A˙)− ηA
A˙Za
′
A˙
,
δηψ
a
A˙
= −γµDµZ
a
B(x · γη
†
A˙
B)−
1
3
kmnτ
ma
bZ
b
Bµ
nB
C(x · γη
†
A˙
C)
+kmnτ
ma
bZ
b
Aµ
′nB˙
A˙(x · γη
†
B˙
A)− η†
A˙
AZaA,
δηA
m
µ = i(x · γη
AB˙)γµj
m
AB˙
+ i(x · γη†A˙B)γµj
′m
A˙B
. (2.14)
The set of parameters ηA
B˙ = ηIσIA
B˙ (I = 1, . . . , 4) obey the reality conditions
η†A˙
B = −ǫBCǫA˙B˙ηC
B˙. (2.15)
We now must prove that N = 4 action (B.4) is invariant under the transformations
(2.14). Notice that the N = 4 superconformal transformations (2.14) can be obtained by
replacing ǫI by x · γηI in the N = 4 super Poincare transformations (B.5) and adding the
two additional terms
δ′ηψ
a′
A = −ηA
A˙Za
′
A˙
and δ′ηψ
a
A˙
= −η†
A˙
AZaA (2.16)
into the transformations of the fermion fields ψa
′
A and ψ
a
A˙
, respectively. (In a similar way,
the N = 6, 8 superconformal transformations can be obtained from the N = 6, 8 super
– 4 –
Poincare transformations [7, 8].) So the superconformal variation of the action can be
calculated as follows:
δηS = (δS)ǫ→x·γη + δ
′
ηS
=
∫
d3x(−jIµ)∂
µ(x · γηI) + δ′ηS, (2.17)
where (δS)ǫ→x·γη is the quantity obtained by replacing ǫ
I in δǫS (see (C.1)) by x · γη
I ,
and δ′ηS is the super variation of the action under the transformations (2.16). A direct
calculation gives
δ′ηS = −
∫
d3x[(γµjIµ)η
I ]. (2.18)
Substituting the above equation into (2.17), we find that the action is indeed invariant
under the transformations (2.14), i.e.
δηS = 0. (2.19)
3 Unifying OSp(4|4) and OSp(5|4) Superconformal Currents
In this section we will demonstrate that the OSp(5|4) superconformal currents, associated
with the N = 5 theory, can be derived as special cases of the OSp(4|4) ones by enhancing
the SU(2)× SU(2) R-symmetry to USp(4).
In Ref. [13], it was showed that if the twisted and untwisted multiplets furnish the
same representations of the gauge group, i.e. if τmab = τ
m
a′b′ , the N = 4 supersymmetry will
be enhanced to N = 5 automatically. Specifically, if
τmab = τ
m
a′b′ , (3.1)
it is possible to embed the SU(2) × SU(2) R-symmetry group into USp(4) by combining
the N = 4 twisted and untwisted multiplets to form the N = 5 multiplets:
ZaA =
(
ZaA
Za
A˙
)
, ψaA =
(
ψaA
ψa
A˙
)
. (3.2)
In the left hand sides of the above equations, A = 1, . . . , 4 transforms in the fundamental
representation of USp(4), while in the right hand sides, A = 1, 2 and A˙ = 1, 2 transform in
the undotted and dotted representations of SU(2) × SU(2). We hope this will not cause
any confusion. In terms of these N = 5 fields, the reality conditions (B.1) become
Z¯Aa = ω
ABωabZ
b
B, ψ¯
A
a = ω
ABωabψ
b
B , (3.3)
where the antisymmetric tensor ωAB of USp(4) is defined as the charge conjugate matrix
(see Appendix A.2.2):
ωAB =
(
ǫAB 0
0 ǫA˙B˙
)
. (3.4)
– 5 –
In the RHS, A, B, A˙, and B˙ run from 1 to 2. Using (3.1)−(3.4), the authors of Ref. [13]
have been able to promote the N = 4 Lagrangian (B.4) to the manifestly USp(4)-invariant
N = 5 Lagrangian:
L =
1
2
(−DµZ¯
A
a D
µZaA + iψ¯
A
a γµD
µψaA)−
i
2
ωABωCDkmn(J
m
ACJ
n
BD − 2J
m
ACJ
n
DB)
+
1
2
ǫµνλ(kmnA
m
µ ∂νA
n
λ +
1
3
CmnpA
m
µ A
n
νA
p
λ) (3.5)
+
1
30
Cmnpµ
mA
Bµ
nB
Cµ
pC
A +
3
20
kmpkns(τ
mτn)abZ
AaZbAµ
pB
Cµ
sC
B.
The “momentum map” and “current” operators are defined as
µmAB ≡ τ
m
abZ
a
AZ
b
B , J
m
AB ≡ τ
m
abZ
a
Aψ
b
B . (3.6)
The N = 5 action is invariant under the USp(4) R-symmetry transformations
δRψ
a
A =
1
2
ǫIJΣ
IJB
A ψ
a
B , δRZ
a
A =
1
2
ǫIJΣ
IJB
A Z
a
B, (3.7)
where ǫIJ = −ǫJI are set of parameters (I, J = 1, . . . , 5), and the USp(4) generators Σ
IJA
B
are defined by (A.21).
Using (3.1)−(3.4), one can rewrite the N = 4 super Poincare currents (2.8) as
j˜Iµ = −iψ¯
A
a γµ(δψ)
Ia
A +
i
4
[γµ, γν ]∂
ν(ZaAψ¯
B
a Γ
I
B
A), (I = 1, . . . , 4.) (3.8)
where
(δψ)IaA ≡ −γ
µDµZ
a
BΓ
I
A
B−
1
3
kmnτ
ma
bω
BCZbBµ
n
CDΓ
I
A
D+
2
3
kmnτ
ma
bω
BDZbCµ
n
DAΓ
I
B
C , (3.9)
with
ΓIA
B =
(
0 σI
σI† 0
)
(I = 1, . . . , 4) (3.10)
(See Appendix A.2.2.) However, due to the USp(4) R-symmetry, there is a fifth conserved
supercurrent. To see this, let consider for example the fourth supercurrent j˜4µ. Under the
USp(4) R-symmetry transformations (3.7), it becomes
j˜4µ → j˜
4
µ + δRj˜
4
µ, (3.11)
δR j˜
4
µ = −
1
2
ǫKL(τ
KL)4J j˜
J
µ , (J,K,L = 1, . . . , 5.) (3.12)
where (τKL)4J = δ
L4δKJ − δ
K4δLJ are a set of SO(5) matrices. Since the action (3.5) is
manifestly USp(4)-invariant, the transformed forth supercurrent must be conserved as well:
∂µ(j˜4µ + δRj˜
4
µ) = 0. (3.13)
This implies that
∂µ(δRj˜
4
µ) = 0. (3.14)
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Combining (3.14) and (3.12) gives
∂µj˜Iµ = 0, (I = 1, . . . , 5) (3.15)
where
j˜Iµ = −iψ¯
A
a γµ(δψ)
Ia
A +
i
4
[γµ, γν ]∂
ν(ZaAψ¯
B
a Γ
I
B
A), (I = 1, . . . , 5.) (3.16)
where Γ5 is defined by equation (A.16). In this way, we have obtained the N = 5 super
Poincare currents from the N = 4 supercurrents. Similarly, the N = 5 superconformal
currents
s˜Iµ = γ · xj˜
I
µ. (I = 1, . . . , 5) (3.17)
can be derived from the N = 4 superconformal currents.
In summary, our approach provides a unified framework for constructing the OSp(4|4)
and OSp(5|4) superconformal currents. Furthermore, since the OSp(6|4) and OSp(8|4)
superconformal currents of the N = 6 and N = 8 can be derived as the special cases of
the OSp(5|4) currents of the N = 5 theory [6], our approach actually provied a unified
framework for constructing all conserved superconformal currents of the N ≥ 4 theories.
4 Closure of the OSp(4|4) Superconformal algebra
In the literature, only the closure of the super Poincare algebra of the N = 4 Chern-Simons
quiver gauge theory has been explicitly checked (in the framework of 3-algebra) [5]. In this
section, we will verify the closure of the full OSp(4|4) superconformal superalgebra in the
framework of Lie 2-algebra.
We begin by considering the scalar fields of the untwisted multiplets. The commutator
of two super Poincare transformations acting on the scalar fields gives [5]
[δǫ1 , δǫ2 ]Z
a
A = v
µ
1DµZ
a
A + Λ˜
a
1bZ
b
A, (4.1)
where3
vµ1 = −2iǫ
I
2γ
µǫI1, (4.2)
Λ˜a1b = Λ
m
1 kmnτ
na
b, (4.3)
Λm1 = −2i(ǫ
I
1ǫ
J
2 )(µ
m
ABσ
IJAB + µ′m
A˙B˙
σ¯IJA˙B˙). (4.4)
Here I = 1, . . . , 4 transforms in the fundamental representation of SO(4), and the two
SU(2) × SU(2) matrices are defined as follows
σIJAB =
1
4
(σIσJ† − σJσI†)AB , σ¯IJA˙B˙ =
1
4
(σI†σJ − σJ†σI)A˙B˙ . (4.5)
3In our previous work [5], we have examined the closure of the N = 4 super Poincare algebra in the
framework of 3-algebra. Here we convert the framework of 3-algebra into the conventional Lie algebra
framework, using the method introduced in [3].
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The set of SO(4) matrices σI are defined in Appendix A.2.1.
Replacing ǫI1 in (4.1) by x · γη
I
1 and adding
δ′η1ψ
a
B˙
= −η†
1B˙
CZaC (4.6)
into the variation of the fermionic fields4, we obtain
[δη1 , δǫ2 ]Z
a
A = v
µ
2DµZ
a
A + Λ˜
a
2bZ
b
A − iǫ2A
B˙η†
1B˙
CZaC , (4.7)
where
vµ2 = −2iǫ
I
2γ
µ(γ · xηI1)
= −2i(ǫI2η
I
1)x
µ + 4(ǫI2γ
µνηI1)xν , (4.8)
Λ˜a2b = Λ
m
2 kmnτ
na
b, (4.9)
Λm2 = 2ix
µ(ǫI2γµη
J
1 )(µ
m
ABσ
IJAB + µ′m
A˙B˙
σ¯IJA˙B˙). (4.10)
Notice that (4.7) is a gauge covariant equation, which can be simplified to give
[δη1 , δǫ2 ]Z
a
A = −2i(η
I
1ǫ
I
2)(x
µ∂µ +
1
2
)ZaA
+2(ηI1γ
µνǫI2)(xµ∂ν − xν∂µ)Z
a
A
+2i(ηI1ǫ
J
2 )σ
IJ
A
BZaB
+(Λ˜a2b + v
µ
2A
m
µ τm
a
b)Z
b
A. (4.11)
The first three lines are the scale, Lorentz, and R-symmetry transformations, respectively:
these transformations suggest that δη is the superconformal transformation. The last line
is a gauge transformation. The first line indicates that the dimension of the scalar field is
1
2 , as expected.
Similarly, replacing ǫI2 in (4.7) by x · γη
I
2 and adding
δ′η2ψ
a
B˙
= −η†
2B˙
CZaC (4.12)
into the variation of the fermionic fields, we obtain
[δη1 , δη2 ]Z
a
A = v
µ
3DµZ
a
A + Λ˜
a
3bZ
b
A − i(x · γη2A
B˙)η†
1B˙
CZaC + i(x · γη1A
B˙)η†
2B˙
CZaC , (4.13)
where
vµ3 = −2i[(γ · xη
I
2)γ
µ(γ · xηI1)]
= −4i(ηI1γ
νηI2)xνx
µ + 2i(ηI1γ
µηI2)x
2, (4.14)
Λ˜a3b = Λ
m
3 kmnτ
na
b, (4.15)
Λm3 = −2i[(γ · xη
I
2)(γ · xη
J
1 )](µ
m
ABσ
IJAB + µ′m
A˙B˙
σ¯IJA˙B˙)
= 2ix2(ηI1η
J
2 )(µ
m
ABσ
IJAB + µ′m
A˙B˙
σ¯IJA˙B˙). (4.16)
4The relation between δη and δǫ has been discussed in Section 2.
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We observe that (4.13) is a gauge covariant equation. One can convert (4.13) into the form
[δη1 , δη2 ]Z
a
A = 2(η
I
1γ
νηI2)[(−2ixνx
µ∂µ + ix
2∂ν)Z
a
A − ixνZ
a
A]
+(Λ˜a3b + v
µ
3 A˜
a
µb)Z
b
A. (4.17)
The first line is the standard special conformal variation: this again shows that δη is indeed
the superconformal transformation, as also suggested by Eq. (4.11). (The second line of
(4.17) is a gauge transformation.)
Let us now consider the gauge fields [5]:
[δǫ1 , δǫ2 ]A
m
µ = v
ν
1F
m
νµ −DµΛ
m
1
+vν1{F
m
µν − εµνλ[(Z
a
AD
λZ¯Ab −
i
2
ψ¯B˙aγλψb
B˙
)τmab
+(Za
′
A˙
DλZ¯A˙b
′
−
i
2
ψ¯Ba
′
γλψb
′
B)τ
m
a′b′ ]}, (4.18)
where the second and third lines are the equations of motion (EOM) for the gauge fields.
Eq. (4.18) can be written as
[δǫ1 , δǫ2 ]A
m
µ = v
ν
1F
m
νµ − (ǫ
I
2ǫ
J
1 )Dµ(µ
m
ABσ
IJAB + µ′m
A˙B˙
σ¯IJA˙B˙) + EOM. (4.19)
Applying the replacement ǫ1 → x ·γη1 to (4.19), and taking account of Eq. (4.6), we obtain
the equation
[δη1 , δǫ2 ]A
m
µ = v
ν
2F
m
νµ −DµΛ
m
2 +EOM, (4.20)
which can be converted into
[δη1 , δǫ2 ]A
m
µ = −2i(η
I
1ǫ
I
2)(x
µ∂µ + 1)A
m
µ
+2i(ηI1γ
ρσǫI2)[−i(xρ∂σ − xσ∂ρ)A
m
µ + (Sρσ)µ
νAmν ]
−Dµ(Λ
m
2 + v
ν
2A
m
ν )
+EOM, (4.21)
with Sρσ the SO(1, 2) matrices:
(Sρσ)µ
ν = i(ησµδ
ν
ρ − ηρµδ
ν
σ). (4.22)
It can be seen that the first three lines of (4.21) are the scale, Lorentz, and gauge trans-
formations, respectively. From the first line we read off that the dimension of Amµ is 1.
We now would like to evaluate [δη1 , δη2 ]A
m
µ . To do so, we first rewrite Eq. (4.20) as
[δη1 , δǫ2 ]A
m
µ = v
ν
2F
m
νµ − (ǫ
I
2γνη
J
1 )Dµ[−2ix
ν(µmABσ
IJAB + µ′m
A˙B˙
σ¯IJA˙B˙)] + EOM (4.23)
Applying the replacement ǫ2 → x · γη2 to (4.23), and using Eq. (4.12), we obtain the
equation
[δη1 , δη2 ]A
m
µ
= vν3F
m
νµ −DµΛ
m
3 (4.24)
= 2(ηI1γ
νηI2)[(−2ixνx
ρ∂ρ + ix
2∂ν)A
m
µ − 2ixνA
m
µ − 2x
ρ(Sρν)µ
σAmσ )]
−Dµ(Λ
m
3 + v
ν
3A
m
µ )
+EOM. (4.25)
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The first line of (4.25) is indeed the special conformal transformation, while the second line
is a gauge transformation.
Let us now recall the fermion supersymmetry transformation in Ref. [5]:
[δǫ1 , δǫ2 ]ψ
a
A˙
= vµ1Dµψ
a
A˙
+ Λ˜a1bψ
b
A˙
−
i
2
(ǫ†C˙B1 ǫ2BA˙ − ǫ
†C˙B
2 ǫ1BA˙)E
a
C˙
−
1
2
vνγ
νEa
A˙
, (4.26)
where
0 = Ea
A˙
= γµDµψ
a
A˙
+ τm
a
b(Z
b
Bj
mB
A˙ − µ
′m
A˙C˙
ψC˙b + 2ZbBj
′m
A˙
B) (4.27)
are equations of motion for the fermionic fields.
Using the same trick for evaluating the scalar and gauge fields, we obtain
[δη1 , δǫ2 ]ψ
a
A˙
= [vµ2Dµψ
a
A˙
− i(ψa
C˙
γµη1B
C˙)(γµǫ
†
2A˙
B)] + iη†
1A˙
B(ǫ2B
C˙ψa
C˙
)
+Λ˜a2bψ
b
A˙
(4.28)
+EOM
Using the Fierz transformations (A.5), one can recast the above equation as
[δη1 , δǫ2 ]ψ
a
A˙
= −2i(ηI1ǫ
I
2)(x
µ∂µ + 1)ψ
a
A˙
+2(ηI1γ
µνǫI2)(xµ∂ν − xν∂µ + iγµν)ψ
a
A˙
+2i(ηI1ǫ
J
2 )σ¯
IJ
A˙
B˙ψa
B˙
+(Λ˜a2b + v
µ
2A
m
µ τm
a
b)ψ
b
A˙
+EOM. (4.29)
The first three lines are the scale, Lorentz, and R-symmetry transformations, while the
fourth line is a gauge transformation. The first line indicates that the dimension of the
spinor field is 1.
The commutator of two superconformal transformations acting on the fermionic fields
gives
[δη1 , δη2 ]ψ
a
A˙
= 2(ηI1γ
νηI2)[(−2ixνx
µ∂µ + ix
2∂ν)Z
a
A + (−2ixν − 2x
µγµν)ψ
a
A˙
]
+(Λ˜a3b + v
µ
3 A˜
a
µb)ψ
b
A˙
+EOM. (4.30)
The first line is nothing but the special conformal transformation of the fermionic fields,
and the second line is a gauge transformation. Also, Eq. (4.30) can recast as the following
gauge invariant form:
[δη1 , δη2 ]ψ
a
A˙
= 2(ηI1γ
νηI2)[(−2ixνx
µDµ + ix
2Dν)Z
a
A + (−2ixν − 2x
µγµν)ψ
a
A˙
]
+Λ˜a3bψ
b
A˙
+ EOM. (4.31)
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The transformations of the scalar and spinor fields of the twisted multiplets have
similar expressions of that of the untwisted multiplets. First of all, the N = 4 super
Poincare algebra is closed (on-shell) on the twisted multiplets [5]:
[δǫ1 , δǫ2 ]Z
a′
A˙
= vµ1DµZ
a′
A˙
+ Λ˜a
′
1 b′Z
b′
A˙
, (4.32)
[δǫ1 , δǫ2 ]ψ
a′
A = v
µ
1Dµψ
a′
A + Λ˜
a′
1 b′ψ
b′
A + EOM, (4.33)
where Λa
′
1 b′ = kmnΛ
m
1 τ
na′
b′ , and the equations of motion for the spinor fields are given by
0 = Ea
′
A = γ
µDµψ
a′
A + τm
a′
b′(Z
b′
B˙
j′mB˙A − µ
m
ACψ
Cb′ + 2Zb
′
B˙
jmA
B˙) (4.34)
Secondly, taking advantage of the strategy for calculating the transformations of the
fields of the untwisted multiplets, we find that the rest of the OSp(4|4) superalgebra is also
closed (on-shell) on the scalar and fermionic fields of the twisted multiplets:
[δη1 , δǫ2 ]Z
a′
A˙
= −2i(ηI1ǫ
I
2)(x
µ∂µ +
1
2
)Za
′
A˙
+2(ηI1γ
µνǫI2)(xµ∂ν − xν∂µ)Z
a′
A˙
+2i(ηI1ǫ
J
2 )σ¯
IJ
A˙
B˙Za
′
B˙
+(Λ˜a
′
2 b′ + v
µ
2A
m
µ τm
a′
b′)Z
b′
A˙
, (4.35)
[δη1 , δǫ2 ]ψ
a′
A = −2i(η
I
1ǫ
I
2)(x
µ∂µ + 1)ψ
a′
A
+2(ηI1γ
µνǫI2)(xµ∂ν − xν∂µ + iγµν)ψ
a′
A
+2i(ηI1ǫ
J
2 )σ
IJ
A
Bψa
′
B
+(Λ˜a
′
2 b′ + v
µ
2A
m
µ τm
a′
b′)ψ
b′
A
+EOM, (4.36)
[δη1 , δη2 ]Z
a′
A˙
= 2(ηI1γ
νηI2)[(−2ixνx
µ∂µ + ix
2∂ν)Z
a′
A˙
− ixνZ
a′
A˙
]
+(Λ˜a
′
3 b′ + v
µ
3 A˜
a′
µ b′)Z
b′
A˙
, (4.37)
and
[δη1 , δη2 ]ψ
a′
A
= 2(ηI1γ
νηI2)[(−2ixνx
µDµ + ix
2Dν)Z
a′
A˙
+ (−2ixν − 2x
µγµν)ψ
a′
A ]
+Λ˜a
′
3 b′ψ
b′
A + EOM. (4.38)
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A Conventions and Useful Identities
The conventions and identities of this appendix are adopted from Ref. [6].
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A.1 Spinor Algebra
In 1 + 2 dimensions, the gamma matrices are defined as
(γµ)α
γ(γν)γ
β + (γν)α
γ(γµ)γ
β = 2ηµνδα
β. (A.1)
For the metric we use the (−,+,+) convention. The gamma matrices in the Majorana
representation can be defined in terms of Pauli matrices: (γµ)α
β = (iσ2, σ1, σ3), satisfying
the important identity
(γµ)α
γ(γν)γ
β = ηµνδα
β + εµνλ(γ
λ)α
β. (A.2)
We also define εµνλ = −εµνλ. So εµνλε
ρνλ = −2δµ
ρ. We raise and lower spinor indices
with an antisymmetric matrix ǫαβ = −ǫ
αβ, with ǫ12 = −1. For example, ψ
α = ǫαβψβ
and γµαβ = ǫβγ(γ
µ)α
γ , where ψβ is a Majorana spinor. Notice that γ
µ
αβ = (I,−σ
3, σ1) are
symmetric in α and β. A vector can be represented by a symmetric bispinor and vice versa:
Aαβ = Aµγ
µ
αβ , Aµ = −
1
2
γαβµ Aαβ . (A.3)
We use the following spinor summation convention:
ψχ = ψαχα, ψγµχ = ψ
α(γµ)α
βχβ, (A.4)
where ψ and χ are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz
transformations are
(λχ)ψ = −
1
2
(λψ)χ−
1
2
(λγνψ)γ
νχ. (A.5)
There is another useful identity:
(ψ1ψ2)ψ3 + (ψ2ψ3)ψ1 + (ψ3ψ1)ψ2 = 0, (A.6)
where ψ1, ψ2, and ψ3 are arbitrary spinors. Finally, we define
γµν = −
i
4
[γµ, γν ]. (A.7)
A.2 SO(4) and SO(5) Gamma Matrices
A.2.1 SO(4) Gamma Matrices
We define the 4 sigma matrices as
σIA
B˙ = (σ1, σ2, σ3, iI), (A.8)
by which one can establish a connection between the SU(2) × SU(2) and SO(4) group.
These sigma matrices satisfy the following Clifford algebra:
σIA
C˙σJ†C˙
B + σJA
C˙σI†C˙
B = 2δIJδA
B , (A.9)
σI†A˙
CσJC
B˙ + σJ†A˙
CσIC
B˙ = 2δIJδA˙
B˙ . (A.10)
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We use antisymmetric matrices
ǫAB = −ǫ
AB =
(
0 −1
1 0
)
and ǫA˙B˙ = −ǫ
A˙B˙ =
(
0 1
−1 0
)
(A.11)
to raise or lower un-dotted and dotted indices, respectively. For example, σI†A˙B = ǫA˙B˙σI†B˙
B
and σIBA˙ = ǫBCσIC
A˙. The sigma matrices σI satisfy the reality conditions
σI†A˙
B = −ǫBCǫA˙B˙σ
I
C
B˙ , or σI†A˙B = −σIBA˙. (A.12)
The antisymmetric matrices ǫAB and ǫA˙B˙ satisfy the identities
ǫABǫ
CD = −(δA
CδB
D − δA
DδB
C), (A.13)
ǫA˙B˙ǫ
C˙D˙ = −(δA˙
C˙δB˙
D˙ − δA˙
D˙δB˙
C˙). (A.14)
A.2.2 SO(5) Gamma Matrices
Using (A.8), we define the first four SO(5) gamma matrices as 5
ΓIA
B =
(
0 σI
σI† 0
)
(I = 1, . . . , 4), (A.15)
and define the fifth SO(5) gamma matrix as
Γ5A
B = (Γ1Γ2Γ3Γ4)A
B . (A.16)
Notice that ΓIA
B (I = 1, . . . , 5) are Hermitian, satisfying the Clifford algebra
ΓIA
CΓJC
B + ΓJA
CΓIC
B = 2δIJδA
B. (A.17)
We use an antisymmetric matrix ωAB = −ω
AB to lower and raise indices; for instance
ΓIAB = ωACΓIC
B . (A.18)
It can be chosen as the charge conjugate matrix:
ωAB =
(
ǫAB 0
0 ǫA˙B˙
)
. (A.19)
(Recall that A and B˙ of the RHS run from 1 to 2.)
By the definition (A.15) and the convention (A.18), the gamma matrix ΓI is antisym-
metric and traceless, and satisfies a reality condition
ΓIAB = −ΓIBA , ΓIA
A = 0 and ΓI∗AB = Γ
IAB = ωACωBDΓICD. (A.20)
The USp(4) generators are defined as
ΣIJA
B =
1
4
[ΓI ,ΓJ ]A
B . (A.21)
5To avoid introducing too many indices, we still use the capital letters A,B, . . . to label the USp(4)
indices, and use I to label a fundamental index of SO(4). We hope this will not cause any confusion.
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B A review of the N = 4 theory
In this appendix, we review the general N = 4 theory constructed in [2]. This theory was
constructed by generalizing the N = 4 GW theory [1] to include twisted multiplets. So the
theory contains both twisted and un-twisted multiplets. Both the twisted and untwisted
multiplets are required to furnish quaternoinic representations of the gauge group. Gen-
erally speaking, the quaternoinic representation furnished by the twisted multiplets is not
equivalent to the representation furnished by the untwisted multiplets.
We denote the untwisted and twisted multiplets by (ZaA, ψ
a
A˙
) and (Za
′
A˙
, ψa
′
A ), respec-
tively. Here A, A˙ = 1, 2 transform in the two-dimensional representation of the SU(2) ×
SU(2) R-symmetry group; a = 1, . . . , 2R transforms in a quaternionic representation of the
gauge group, and a′ = 1, . . . , 2S transforms in another quaternionic representation of the
gauge group. The corresponding quaternionic forms are denoted as ωab and ωa′b′ , satisfying
ωabω
bc = δca and ωa′b′ω
b′c′ = δc
′
a′ . We use the antisymmetric tensors ω to lower or raise the
indices; for instance, τmab = ωacτ
mc
b, where τ
mc
b are a set of representation matrices of the
Lie algebra of gauge symmetry. The un-twisted multiplets (ZaA, ψ
a
A˙
) and twisted multiplets
(Za
′
A˙
, ψa
′
A ) satisfy the reality conditions:
Z¯Aa = ωabǫ
ABZbB , ψ¯
A˙
a = ωabǫ
A˙B˙Zb
B˙
,
Z¯A˙a′ = ωa′b′ǫ
A˙B˙Zb
′
B˙
, ψ¯Aa′ = ωa′b′ǫ
ABZb
′
B , (B.1)
where ǫAB and ǫA˙B˙ are antisymmetric forms of the SU(2)×SU(2) R-symmetry group (see
Appendix A.2.1).
To be compatible with the N = 4 supersymmetry, the representation matrices τmab and
τma′b′ of the gauge group are required to satisfy the fundamental identities
kmnτ
m
(abτ
n
c)d = 0, kmnτ
m
(a′b′τ
n
c′)d′ = 0. (B.2)
Following Ref. [1], we define the “momentum maps” and “currents” as
µmAB ≡ τ
m
abZ
a
AZ
b
B, j
m
AB˙
≡ τmabZ
a
Aψ
b
B˙
, µ′m
A˙B˙
≡ τma′b′Z
a′
A˙
Zb
′
B˙
, j′m
A˙B
≡ τma′b′Z
a′
A˙
ψb
′
B . (B.3)
Denoting the gauge fields as Amµ , the Lagrangian of the N = 4 CSM theory reads [2, 3]
L =
1
2
ǫµνλ(kmnA
m
µ ∂νA
n
λ +
1
3
CmnpA
m
µ A
n
νA
p
λ)
+
1
2
(−DµZ¯
A
a D
µZaA −DµZ¯
A˙
a′D
µZa
′
A˙
+ iψ¯A˙a γ
µDµψ
a
A˙
+ iψ¯Aa′γ
µDµψ
a′
A )
−
i
2
kmn(j
m
AB˙
jnAB˙ + j′m
A˙B
j′nA˙B − 4jm
AB˙
j′nB˙A)
+
i
2
kmn(µ
m
ABτ
n
a′b′ψ
Aa′ψBb
′
+ µ′m
A˙B˙
τnabψ
A˙aψB˙b) (B.4)
−
1
24
Cmnp(µ
mA
Bµ
nB
Cµ
pC
A + µ
′mA˙
B˙µ
′nB˙
C˙µ
′pC˙
A˙)
+
1
4
kmpkns((τ
mτn)abZ
AaZbAµ
′pB˙
C˙µ
′sC˙
B˙ + (τ
mτn)a′b′Z
A˙a′Zb
′
A˙
µpBCµ
sC
B).
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We have used the invariant form kms on the Lie algebra of the gauge group to lower the
indices of the structure constants: Cmnp = kmsknqC
sq
p. (We will also define τm
a
b =
kmnτ
na
b.)
The N = 4 super Poincare transformations are given by
δǫZ
a
A = iǫA
A˙ψa
A˙
,
δǫZ
a′
A˙
= iǫ†
A˙
Aψa
′
A ,
δǫψ
a′
A = −γ
µDµZ
a′
B˙
ǫA
B˙ −
1
3
kmnτ
ma′
b′Z
b′
B˙
µ′nB˙C˙ǫA
C˙ + kmnτ
ma′
b′Z
b′
A˙
µnBAǫB
A˙,
δǫψ
a
A˙
= −γµDµZ
a
Bǫ
†
A˙
B −
1
3
kmnτ
ma
bZ
b
Bµ
nB
Cǫ
†
A˙
C + kmnτ
ma
bZ
b
Aµ
′nB˙
A˙ǫ
†
B˙
A,
δǫA
m
µ = iǫ
AB˙γµj
m
AB˙
+ iǫ†A˙Bγµj
′m
A˙B
. (B.5)
Here the parameters ǫA
B˙ = ǫIσIA
B˙ (I = 1, . . . , 4) obey the reality conditions
ǫ†A˙
B = −ǫBCǫA˙B˙ǫC
B˙ . (B.6)
The fundamental identities (B.2) can be converted into certain Jacobi identities of two
superalgebras G and G′ admitting quaternoinic structures [1]; and the Lie algebra of the
gauge symmetry is the bosonic parts of G and G′. More concretely , the Lie algebra of the
gauge group is given by the bosonic subalgebra of the superalgebra G [1]
[Mu,Mv] = fuvwM
w, [Mu, Qa] = −τ
u
abω
bcQc, {Qa, Qb} = τ
u
abkuvM
v, (B.7)
and the bosonic subalgebra of the superalgebra G′
[Mu
′
,Mv
′
] = fu
′v′
w′M
w′ , [Mu
′
, Qa′ ] = −τ
u′
a′b′ω
b′c′Qc′ , {Qa′ , Qb′} = τ
u′
a′b′ku′v′M
v′ .
(B.8)
In order that there are physical interactions between the twisted and untwisted multiplets,
the bosonic parts of the superalgebras G and G′ are required to share at least one simple
factor or U(1) factor [2, 3]. More precisely, decomposing Mu and Mu
′
as Mu = (Mα,Mg)
and Mu = (Mα
′
,Mg), with Mg the common generators, then the Lie algebra of the gauge
symmetry is spanned by the generators [2, 3]
Mm = (Mα,Mg,Mα
′
). (B.9)
In accordance with the decompositions of Mu and Mu
′
, we may decompose the quadratic
forms and structure constants as follows
kuv = (kαβ , kgh), ku′v′ = (kα′β′ , kgh), (B.10)
fuvw = (f
αβ
γ , f
fg
h), f
u′v′
w′ = (f
α′β′
γ′ , f
fg
h). (B.11)
Let us now put (B.7) and (B.8) together:
[Mm,Mn] = CmnpM
p, [Mm, Qa] = −τ
m
abω
bcQc, [M
m, Qa′ ] = −τ
m
a′b′ω
b′c′Qc′ ,
{Qa, Qb} = τ
m
abkmnM
n, {Qa′ , Qb′} = τ
m
a′b′kmnM
n, (B.12)
– 15 –
where
Cmnp = (f
αβ
γ , f
fg
h, f
α′β′
γ′), (B.13)
kmn = (kαβ , kgh, kα′β′). (B.14)
It can be seen that the fundamental identities (B.2) are equivalent to the QaQbQc and
Qa′Qb′Qc′ Jacobi identities of (B.13) [1]. The classification of the gauge groups can be
found in [2, 3].
If the twisted and untwisted multiplets form the same representation of gauge group6,
the N = 4 supersymmetry can be enhanced to N = 5 [13].
C Derivation of the N = 4 Super Poincare Currents
In this Appendix, we will derive the N = 4 super Poincare currents by using the standard
Noether method.
The super Poincare variation of the action (B.4) must take the form
δǫS =
∫
d3x(−jIµ)∂
µǫI , (C.1)
if we allow the set of parameters ǫI (I = 1, . . . , 4) to depend on the spacetime coordinates
xµ, since the action is invariant under the supersymmetry transformations (B.5) for con-
stants ǫI . If the equations of motion are obeyed, the right hand side of (C.1) must vanish;
Integrating by parts, we obtain
∂µjIµ = 0. (C.2)
To derive jIµ, let us first calculate the super-variation of the Chern-Simons term in
(B.4):
δǫLCS =
1
2
ǫµνλkmn∂ν(A
m
µ δǫA
n
λ)
+ǫA
A˙γµν(jmAA˙ − j
′m
A˙
A)kmnF
n
µν . (C.3)
The variations of the kinematic terms of the Lagrangian (B.4) are give by
−
1
2
δǫ(DµZ¯
A
a D
µZaA) = −∂µ(iD
µZ¯Aa ǫA
A˙ψa
A˙
)
+iD2Z¯Aa ǫA
A˙ψa
A˙
+iDµZ¯Ba τm
a
bZ
b
BǫA
A˙γµ(j
mA
A˙ − j
′m
A˙
A), (C.4)
−
1
2
δǫ(DµZ¯
A˙
a′D
µZa
′
A˙
) = −∂µ(iD
µZ¯A˙a′ǫ
†
A˙
Aψa
′
A )
+iD2Za
′
A˙
ǫA
A˙ψAa′
+iDµZ¯B˙a′ τm
a′
b′Z
b′
B˙
ǫA
A˙γµ(j
mA
A˙ − j
′m
A˙
A), (C.5)
6This can be achieved by letting both twisted and untwisted multiplets to take the representation of the
bosonic subalgebra of G (B.7); this representation is furnished by the set of fermionic generators Qa.
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12
δǫ(iψ¯
A
a′γ
µDµψ
a′
A ) = −
i
2
∂µ(ψ¯
A
a′γ
µδǫψ
a′
A )
+iψ¯Aa′γ
µ(δψ)Ia
′
A ∂µǫ
I
−iǫA
A˙ψAa′D
2Za
′
A˙
+ ǫA
A˙γµνj′
mA˙
AFmµν
+
i
3
(ǫA
A˙γµψAa′)τm
a′
b′Dµ(Z
b′
B˙
µ′mB˙A˙)
−i(ǫA
A˙γµψBa′)τm
a′
b′Dµ(Z
b′
A˙
µmAB)
−(ǫA
A˙τm
a′
b′ψ
b′
B)[ψ¯
B
a′(j
mA
A˙ − j
′m
A˙
A)] (C.6)
and
1
2
δǫ(iψ¯
A˙
a γ
µDµψ
a
A˙
) = −
i
2
∂µ(ψ¯
A˙
a γ
µδǫψ
a
A˙
)
+iψ¯A˙a γ
µ(δψ)Ia
A˙
∂µǫ
I
−iǫA
A˙ψa
A˙
D2Z¯Aa − ǫA
A˙γµνkmnj
mA
A˙F
n
µν
+
i
3
(ǫA
A˙γµψa
A˙
)kmnτ
n
abDµ(Z
b
Bµ
mBA)
−i(ǫA
A˙γµψB˙a)kmnτ
n
abDµ(Z
Abµ′m
A˙B˙
)
−(ǫA
A˙τm
a
bψ
b
B˙
)[ψ¯B˙a (j
mA
A˙ − j
′m
A˙
A)] (C.7)
We have used the shorthand
(δψ)Ia
′
A = −γ
µDµZ
a′
B˙
σIA
B˙ −
1
3
kmnτ
ma′
b′Z
b′
B˙
µ′nB˙C˙σ
I
A
C˙ + kmnτ
ma′
b′Z
b′
A˙
µnBAσ
I
B
A˙ (C.8)
in (C.6), and used the shorthand
(δψ)Ia
A˙
= −γµDµZ
a
Bσ
I†
A˙
B −
1
3
kmnτ
ma
bZ
b
Bµ
nB
Cσ
I†
A˙
C + kmnτ
ma
bZ
b
Aµ
′nB˙
A˙σ
I†
B˙
A (C.9)
in (C.7).
Let us now consider the Yukawa terms. To simplify the expressions, we define
νm
A˙B˙
= τmabψ
a
A˙
ψb
B˙
,
ν ′mAB = τ
m
a′b′ψ
a′
Aψ
b′
B ,
(τmτn)[ab] =
1
2
(τmacτ
nc
b − τ
m
bc τ
nc
a),
(τmτn)[a′b′] =
1
2
(τma′c′τ
nc′
b′ − τ
m
b′c′τ
nc′
a′). (C.10)
The Yukawa terms are given by the third and fourth lines of (B.4). Their super variations
read
−
i
2
δǫ(j
m
AB˙
jAB˙m ) = i
[
i(ǫA
A˙ψa
A˙
)τmab(ψ
B˙bjm
A
B˙)
−(γµDµZ
AbǫA
A˙)jm
B
A˙τ
m
abZ
a
B
−
1
4
(ǫA
A˙jm
BA˙
)Cmnpµ
nB
Cµ
pCA
−
1
2
(ǫA
A˙jmBB˙)Cmnpµ
p
B
Aµ′nB˙A˙
+
1
2
(ǫA
A˙jm
A
B˙)(τ
mτn)[ab]Z
BaZbBµ
′
n
B˙
A˙
]
, (C.11)
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−
i
2
δǫ(j
′m
A˙B
j′A˙Bm ) = i
[
i(ǫA
A˙ψAa
′
)τma′b′(ψ
b′
Bj
′m
A˙
B)
−(γµDµZ
b′
A˙
ǫA
A˙)j′mB˙
Aτma′b′Z
B˙a′
−
1
4
(ǫA
A˙j′mB˙
A)Cmnpµ
′pB˙
C˙µ
′nC˙
A˙
+
1
2
(ǫA
A˙j′mB˙
B)Cmnpµ
′pB˙
A˙µ
′nA
B
+
1
2
(ǫA
A˙j′mA˙
B)(τmτn)[a′b′]Z
C˙a′Zb
′
C˙
µnAB
]
, (C.12)
2iδǫ(j
m
AB˙
j′B˙Am ) = −2i
[
i(ǫA
A˙ψa
A˙
)τmab(ψ
B˙bj′
mB˙
A)
−(γµDµZ
AbǫA
A˙)j′
mA˙
BτmabZ
a
B
−
1
4
(ǫA
A˙j′m
A˙B
)Cmnpµ
nB
Cµ
pCA
−
1
2
(ǫA
A˙j′mB˙
B)Cmnpµ
p
B
Aµ′nB˙A˙
+
1
2
(ǫA
A˙j′
mB˙
A)(τmτn)[ab]Z
BaZbBµ
′
n
B˙
A˙
+i(ǫA
A˙ψAa
′
)τma′b′(ψ
b′
Bj
mB
A˙)
−(γµDµZ
b′
A˙
ǫA
A˙)jmAB˙τma′b′Z
B˙a′
−
1
4
(ǫA
A˙jmAB˙)Cmnpµ
′pB˙
C˙µ
′nC˙
A˙
+
1
2
(ǫA
A˙jmBB˙)Cmnpµ
′pB˙
A˙µ
nA
B
+
1
2
(ǫA
A˙jmBA˙)(τmτn)[a′b′]Z
C˙a′Zb
′
C˙
µnAB
]
, (C.13)
i
2
δǫ(µ
AB
m τ
m
a′b′ψ
a′
Aψ
b′
B) = −(ǫA
A˙jm
BA˙
)ν ′ABm
−i(γµDµZ
a′
A˙
ǫA
A˙)ψb
′
Bτ
m
a′b′µ
AB
m
−
i
6
(ǫA
A˙j′p
B˙B
)Cmnpµ
′nB˙
A˙µ
mAB
−
i
3
(ǫA
A˙ψb
′
B)(τ
mτn)[b′a′]Z
a′
B˙
µ′n
B˙
A˙µ
AB
m
+
i
2
(ǫA
A˙j′p
A˙B
)Cmnpµ
nA
Cµ
mBC
+i(ǫA
A˙ψb
′
B)(τ
mτn)[b′a′]Z
a′
B˙
µn
A
Cµ
BC
m , (C.14)
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and
i
2
δǫ(µ
′m
A˙B˙
νA˙B˙m ) = −(ǫA
A˙j′mB˙
A)νmA˙
B˙
−i(γµDµZ
AaǫA
A˙)ψB˙bτmabµ
′m
A˙B˙
−
i
6
(ǫA
A˙jpB
B˙)Cmnpµ
nBAµ′m
A˙B˙
−
i
3
(ǫA
A˙ψB˙b)(τmτn)[ba]Z
a
Bµ
nBAµ′m
A˙B˙
−
i
2
(ǫA
A˙jpAB˙)Cmnpµ
′nC˙
A˙µ
′m
C˙B˙
−i(ǫA
A˙ψB˙b)(τmτn)[ba]Z
Aaµ′nC˙A˙µ
′m
C˙B˙
. (C.15)
The potential of the theory is given by the last two line of (B.4). Its supersymmetry
transformation reads
δǫLpot =
i
4
Cmn
pǫA
A˙jm
BA˙
µn(BCµp
A)C
+
i
4
CmnpǫA
A˙j′mB˙Aµ′n
C˙(B˙
µ′pC˙A˙)
+
i
2
ǫA
A˙ψb
A˙
(τmτn)[ab]Z
Aaµ′mB˙C˙µ
′nC˙
B˙
−
i
2
ǫA
A˙ψAb
′
(τmτn)[a′b′]Z
a′
A˙
µmBCµ
nC
B
+iǫA
A˙j
′m
B˙
A(τmτn)[ab]Z
BaZbBµ
′nB˙
A˙
−iǫA
A˙jm
BA˙
(τmτn)[a′b′]Z
B˙a′Zb
′
B˙
µnBA. (C.16)
In deriving (C.16), we have used the identity
Cmnpτ
n
cdτ
p
ab = (τmτn)[ca]τ
n
bd + (τmτn)[da]τ
n
cb + (τmτn)[db]τ
n
ac + (τmτn)[cb]τ
n
ad. (C.17)
Eq. (C.17) was derived [6] by using the identity kmnτ
m
(abτ
n
cd) = 0. There is a similar identity
for the primed representation matrices τma′b′ :
Cmnpτ
n
c′d′τ
p
a′b′ = (τmτn)[c′a′]τ
n
b′d′+(τmτn)[d′a′]τ
n
c′b′+(τmτn)[d′b′]τ
n
a′c′+(τmτn)[c′b′]τ
n
a′d′ . (C.18)
Combining every thing, we obtain the variation of the action
δǫS =
∫
d3x
[
iψ¯Aa′γ
µ(δψ)Ia
′
A ∂µǫ
I + iψ¯A˙a γ
µ(δψ)Ia
A˙
∂µǫ
I
+O(Dµj) +O(Dµ′j) +O(Dµj′) +O(Dµ′j′) (C.19)
+O(νj) +O(ν ′j) +O(νj′) +O(ν ′j′)
+O(µµj) +O(µ′µj) +O(µµj′) +O(µµ′j′) +O(µ′µ′j) +O(µ′µ′j′)],
where we have dropped the total derivative terms. We have denoted the terms containing
Dµj as O(Dµj), where D, µ, and j stand for the covariant derivative, “momentum map”
and “current” operators (see (B.3)), respectively. The other terms have similar meanings.
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For instance, O(νj) stands for the terms containing the “current” operator j and the
quantity ν defined by the first equation of (C.10).
The terms containing Dµj are given by the first term of the third line of (C.4), the
fourth line of (C.7), and the second line of (C.11):
O(Dµj) = i(ǫA
A˙γµj
mA
A˙)D
µZ¯Ba τm
a
bZ
b
B
+
i
3
(ǫA
A˙γµψa
A˙
)kmnτ
n
abDµ(Z
b
Bµ
mBA)
−i(γµDµZ
AbǫA
A˙)jm
B
A˙τ
m
abZ
a
B . (C.20)
O(Dµ′j) are given by the first term of the third line of (C.5), the fifth line of (C.7),
the seventh line of (C.13), and the second line of (C.15):
O(Dµ′j) = +iDµZ¯B˙a′ τm
a′
b′Z
b′
B˙
(ǫA
A˙γµj
mA
A˙)
−i(ǫA
A˙γµψB˙a)kmnτ
n
abDµ(Z
Abµ′m
A˙B˙
)
+2i(γµDµZ
b′
A˙
ǫA
A˙)jmAB˙τma′b′Z
B˙a′
−i(γµDµZ
AaǫA
A˙)ψB˙bτmabµ
′m
A˙B˙
. (C.21)
O(Dµj′) are given by the second line of (C.13), the second line of (C.14), the last term
of (C.4), and the fifth line of (C.6):
O(Dµj′) = 2i(γµDµZ
AbǫA
A˙)j′
mA˙
BτmabZ
a
B
−i(γµDµZ
a′
A˙
ǫA
A˙)ψb
′
Bτ
m
a′b′µ
AB
m
−iDµZ¯Ba τm
a
bZ
b
B(ǫA
A˙γµj
′m
A˙
A)
−i(ǫA
A˙γµψBa′)τm
a′
b′Dµ(Z
b′
A˙
µmAB). (C.22)
O(Dµ′j′) are given by the last term of (C.5), the fourth line of (C.6), and the second
line of (C.12):
O(Dµ′j′) = −i(ǫA
A˙γµj
′m
A˙
A)DµZ¯B˙a′ τm
a′
b′Z
b′
B˙
+
i
3
(ǫA
A˙γµψAa′)kmnτ
na′
b′Dµ(Z
b′
B˙
µmB˙A˙)
−i(γµDµZ
b′
A˙
ǫA
A˙)j′
mB˙
Aτma′b′Z
B˙a′ . (C.23)
O(νj) are given by the first term of (C.11) and the first term of the last line of (C.7):
O(νj) = −(ǫA
A˙ψa
A˙
)τmab(ψ
B˙bjm
A
B˙)
−(ǫA
A˙τm
a
bψ
b
B˙
)(ψ¯B˙a j
mA
A˙). (C.24)
O(ν ′j) are given by the first term of the last line of (C.6), the sixth line of (C.13), and
the first line of (C.14):
O(ν ′j) = −(ǫA
A˙τm
a′
b′ψ
b′
B)(ψ¯
B
a′j
mA
A˙)
+2(ǫA
A˙ψAa
′
)τma′b′(ψ
b′
Bj
mB
A˙)
−(ǫA
A˙jm
BA˙
)ν ′ABm . (C.25)
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O(νj′) are given by the second term of the last line of (C.7), the first line of (C.13),
and the first line of (C.15):
O(νj′) = (ǫA
A˙τm
a
bψ
b
B˙
)(ψB˙a j
′m
A˙
A)
+2(ǫA
A˙ψa
A˙
)τmab(ψ
B˙bj′
mB˙
A)
−(ǫA
A˙j′mB˙
A)νmA˙
B˙. (C.26)
O(ν ′j′) are given by the second term of the last line of (C.6) and the first line of (C.12):
O(ν ′j′) = (ǫA
A˙τm
a′
b′ψ
b′
B)(ψ¯
B
a′j
′m
A˙
A)
−(ǫA
A˙ψAa
′
)τma′b′(ψ
b′
Bj
′m
A˙
B). (C.27)
O(µµj) are given by the first line of (C.16), and the third line of (C.11):
O(µµj) =
i
4
Cmn
pǫA
A˙jm
BA˙
µn(BCµp
A)C
−
i
4
(ǫA
A˙jm
BA˙
)Cmnpµ
nB
Cµ
pCA
= 0. (C.28)
O(µ′µj) are given by the last line of (C.16), the last two lines of (C.11), the last two
lines of (C.13), and the third and fourth lines of (C.15):
O(µ′µj) = −iǫA
A˙jm
BA˙
(τmτn)[a′b′]Z
B˙a′Zb
′
B˙
µnBA
−
1
2
(ǫA
A˙jmBB˙)Cmnpµ
p
B
Aµ′nB˙A˙
+
1
2
(ǫA
A˙jm
A
B˙)(τ
mτn)[ab]Z
BaZbBµ
′
n
B˙
A˙
−i(ǫA
A˙jmBB˙)Cmnpµ
′pB˙
A˙µ
nA
B
−i(ǫA
A˙jmBA˙)(τmτn)[a′b′]Z
C˙a′Zb
′
C˙
µnAB
−
i
6
(ǫA
A˙jpB
B˙)Cmnpµ
nBAµ′m
A˙B˙
−
i
3
(ǫA
A˙ψB˙b)(τmτn)[ba]Z
a
Bµ
nBAµ′m
A˙B˙
. (C.29)
O(µµj′) are given by the fourth line of (C.16), and third line of (C.13), the last two
lines of (C.14):
O(µµj′) = −
i
2
ǫA
A˙ψAb
′
(τmτn)[a′b′]Z
a′
A˙
µmBCµ
nC
B
+
i
2
(ǫA
A˙j′m
A˙B
)Cmnpµ
nB
Cµ
pCA
+
i
2
(ǫA
A˙j′p
A˙B
)Cmnpµ
nA
Cµ
mBC
+i(ǫA
A˙ψb
′
B)(τ
mτn)[b′a′]Z
a′
B˙
µn
A
Cµ
BC
m . (C.30)
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O(µµ′j′) are given by fifth line of (C.16), the last two lines of (C.12), the forth and
fifth lines of (C.13), and the third and fourth lines of (C.14):
O(µµ′j′) = iǫA
A˙j
′m
B˙
A(τmτn)[ab]Z
BaZbBµ
′nB˙
A˙
+
i
2
(ǫA
A˙j′mB˙
B)Cmnpµ
′pB˙
A˙µ
′nA
B
+
i
2
(ǫA
A˙j′mA˙
B)(τmτn)[a′b′]Z
C˙a′Zb
′
C˙
µnAB
+i(ǫA
A˙j′mB˙
B)Cmnpµ
p
B
Aµ′nB˙A˙
−i(ǫA
A˙j′
mB˙
A)(τmτn)[ab]Z
BaZbBµ
′
n
B˙
A˙
−
i
6
(ǫA
A˙j′p
B˙B
)Cmnpµ
′nB˙
A˙µ
mAB
−
i
3
(ǫA
A˙ψb
′
B)(τ
mτn)[b′a′]Z
a′
B˙
µ′n
B˙
A˙µ
AB
m . (C.31)
O(µ′µ′j) are given by the third line of (C.16), the eighth line of (C.13), and the last
two lines of (C.15):
O(µ′µ′j) =
i
2
ǫA
A˙ψb
A˙
(τmτn)[ab]Z
Aaµ′mB˙C˙µ
′nC˙
B˙
+
i
2
(ǫA
A˙jmAB˙)Cmnpµ
′pB˙
C˙µ
′nC˙
A˙
−
i
2
(ǫA
A˙jpAB˙)Cmnpµ
′nC˙
A˙µ
′m
C˙B˙
−i(ǫA
A˙ψB˙b)(τmτn)[ba]Z
Aaµ′nC˙A˙µ
′m
C˙B˙
. (C.32)
O(µ′µ′j′) are given by the second line of (C.16) and the third line of (C.12):
O(µ′µ′j′) =
i
4
CmnpǫA
A˙j′mB˙Aµ′n
C˙(B˙
µ′pC˙A˙)
−
i
4
(ǫA
A˙j′mB˙
A)Cmnpµ
′pB˙
C˙µ
′nC˙
A˙
= 0. (C.33)
Using the identities (B.2), (C.17), (C.18), and the identities in Appendix A, it is
not difficult to prove that every quantity of the last three lines of (C.19) vanishes, i.e.
O(Dµj) = · · · = O(µ′µ′j′) = 0, or (C.20)= · · · =(C.33)= 0. As a result, only the first line
of (C.19) remains:
δǫS =
∫
d3x
[
iψ¯Aa′γ
µ(δψ)Ia
′
A ∂µǫ
I + iψ¯A˙a γ
µ(δψ)Ia
A˙
∂µǫ
I ]. (C.34)
Comparing (C.34) with (C.1), we are led to the N = 4 super Poincare currents
jIµ = −iψ¯
A
a′γµ(δψ)
Ia′
A − iψ¯
A˙
a γµ(δψ)
Ia
A˙
. (C.35)
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